Introduction {#Sec1}
============

The problem of quantizing gravity has been debated frequently during the past decades. In doing so, it was established that the quantization of Einstein's general relativity inevitably results in fundamental problems, such as the perturbative nonrenormalizability \[[@CR1], [@CR2]\]. This represents a motivation to introduce other, more radical approaches to obtain a quantum theory of gravity, including the consideration of higher-order theories of gravity, string theory, and loop quantum gravity \[[@CR3]\].

One possibility is to reject the perturbative quantization, as is done, for example, within the framework of loop-space nonperturbative quantum gravity \[[@CR4]\]. On the other hand, in order to quantize gravity one can try to adopt the nonperturbative quantization technique employed by Heisenberg \[[@CR5]\] when considering a nonlinear spinor field theory. The central idea of this approach is that the description of the quantum system is achieved by using an infinite set of equations for all Green's functions. Based on physically motivated arguments, one can introduce a cutoff procedure to obtain a finite number of equations. Such a procedure is close to the one used in turbulence modeling \[[@CR6]\].

Working within this approach, we here consider the situation where a quantum metric can be decomposed into a sum of an averaged (classical) metric $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_{\mu \nu }$$\end{document}$ and a fluctuating (quantum) part $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta g_{\mu \nu }$$\end{document}$. Also, we assume that the Green's function of a product of the fluctuating part of the metric can be approximated in a certain way. Under these assumptions we calculate the action for the gravitational field and for matter (in the form of a scalar field) with an accuracy of $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta g^2$$\end{document}$. We show that the resulting action represents modified $\documentclass[12pt]{minimal}
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                \begin{document}$$F(R)$$\end{document}$-type theories of gravity, which are now widely used in modeling the present accelerated expansion of the Universe \[[@CR7]\].

For the quantum gravitating physical system considered here, with the decomposition of the metric into classical and quantum parts, the expectation value of the quantum part can be taken to be zero or nonzero, based on certain physical motivations. In the present paper we take it to be zero. This is in contrast to our previous work \[[@CR8]\], where the decomposition into two parts (classical and quantum) was also performed, but the expectation value of the quantum part of the metric was taken to be nonzero. Therefore, we here take the second variation of the metric into account, as discussed below.

Nonperturbative quantization technique {#Sec2}
======================================

According to Heisenberg's nonperturbative quantization technique, the classical fields appearing in the corresponding field equations are replaced by operators of these fields. For general relativity, one then has the operator Einstein equations$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \hat{G}_{\mu \nu }\equiv \hat{R}_{\mu \nu } - \frac{1}{2} \hat{g}_{\mu \nu } \hat{R} = \frac{8\pi G}{c^4} \hat{T}_{\mu \nu } , \end{aligned}$$\end{document}$$where all geometric operators $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{\Gamma }^\rho _{ \mu \nu }$$\end{document}$ are defined in the same way as in the classical case, and differ only in the replacement of the classical quantities by the corresponding operators (for details, see Ref. \[[@CR8]\]).

Mathematical tools for solving the operator Eq. ([1](#Equ1){ref-type=""}) are unknown. The only possibility to work with such an operator equation is to average the Eq. ([1](#Equ1){ref-type=""}) over all possible products of the metric operators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{g}(x_1), \ldots , \hat{g}(x_n)$$\end{document}$, and thus obtain an infinite set of equations for all Green's functions:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \cdots= & {} \cdots , \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\left\langle Q \left| \text { the product of} g \text { at different points} (x_1, \ldots , x_n) \cdot \hat{G}_{\mu \nu }\, \right| Q \right\rangle \nonumber \\&\quad = \frac{8\pi G}{c^4} \left\langle Q \left| \text { the product of} g \text { at different points} \right. \right. \nonumber \\&\quad \quad \left. \left. (x_1, \ldots , x_n) \cdot \hat{T}_{\mu \nu } \right| Q \right\rangle , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left. \left| Q \right. \right\rangle $$\end{document}$ is a quantum state (for details see Refs. \[[@CR8], [@CR9]\]). The exact definitions of a nonperturbative vacuum state $\documentclass[12pt]{minimal}
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Evidently Eqs. ([2](#Equ2){ref-type=""})--([5](#Equ5){ref-type=""}) cannot be solved analytically. Different possibilities to solve them approximately were discussed in Refs. \[[@CR8]--[@CR10]\]. Note that similar mathematical problems appear in turbulence modeling, where an infinite set of equations for all cumulants also arises \[[@CR6]\].

Here we use the following strategy for approximate solving Eqs. ([2](#Equ2){ref-type=""})--([5](#Equ5){ref-type=""}): we decompose the metric operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{\delta g}_{\mu \nu }$$\end{document}$, parts and evaluate the expectation value of the Lagrangian with an accuracy $\documentclass[12pt]{minimal}
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                \begin{document}$$\left\langle \left( \widehat{\delta g} \right) ^2 \right\rangle $$\end{document}$. This strategy is similar to the one employed in connection with quantum torsion in Ref. \[[@CR10]\].

Assumptions of the quantum averaging {#Sec3}
====================================

In accordance with the quantization procedure, a metric in quantum gravity is an operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{g}_{\mu \nu }$$\end{document}$. Here we consider a system for which the following decomposition is approximately valid:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \hat{g}_{\mu \nu } \approx g_{\mu \nu } + \widehat{\delta g}_{\mu \nu } + \widehat{\delta ^2 g}_{\mu \nu }, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$ \left\langle Q \left| \widehat{\delta g}_{\mu \nu } \right| Q \right\rangle = 0 $$\end{document}$; $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \left\langle Q \left| \widehat{\delta ^2 g}_{\mu \nu } \right| Q \right\rangle \ne 0 $$\end{document}$; $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left. \left. \right| Q \right\rangle $$\end{document}$ is some quantum state; $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{\delta g}_{\mu \nu }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{\delta ^2 g}_{\mu \nu }$$\end{document}$ are the first- and second-order deviations of the operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{\delta ^2 g}_{\mu \nu }$$\end{document}$ is the second-order term. In our quantum case it means that $\documentclass[12pt]{minimal}
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                \begin{document}$$ \left\langle \left( \widehat{\delta g} \right) ^2 \right\rangle \approx \left\langle \widehat{\delta ^2 g} \right\rangle $$\end{document}$.

In Ref. \[[@CR8]\] we have considered a physical quantum system with the decomposition $\documentclass[12pt]{minimal}
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For our approximate nonperturbative calculations, we insert the decomposition ([6](#Equ6){ref-type=""}) into the Einstein--Hilbert action and evaluate it with an accuracy $\documentclass[12pt]{minimal}
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Evaluation of the averaged action {#Sec4}
=================================
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Let us now perform similar calculations for the matter Lagrangian, using the decomposition given by Eqs. ([6](#Equ6){ref-type=""}) and ([7](#Equ7){ref-type=""}). For simplicity, consider the scalar field $\documentclass[12pt]{minimal}
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Conclusion {#Sec5}
==========

In the present paper we have considered the case of a quantum gravitating system when the metric can be decomposed into classical and quantum parts. For such a system, we have calculated the gravitational and matter Lagrangians with an accuracy up to the second variation of the metric. In doing so, we have decomposed the operator of the metric into a sum of its expectation value ($\documentclass[12pt]{minimal}
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Based on certain assumptions on the dispersion of quantum fluctuations of the metric, we have shown that:Einstein gravity is modified in the spirit of $\documentclass[12pt]{minimal}
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The proposed model, which takes into account the quantum fluctuations of the metric, provides us with the following scheme for the explanation of the present acceleration of the Universe: the quantum metric $\documentclass[12pt]{minimal}
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Note that the proposed procedure of quantizing the metric may be considered as being related to quantum gravity like the phenomenological Ginzburg--Landau model of superconductivity is related to the microscopical Bardeen--Cooper--Schrieffer theory: the proportionality coefficient $\documentclass[12pt]{minimal}
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Appendix A: Variation of geometrical quantities {#Sec6}
===============================================

Following Ref. \[[@CR15]\], we here give all formulas concerning the variation of $\documentclass[12pt]{minimal}
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Appendix B: Nonperturbative vacuum: discussion and definitions {#Sec7}
==============================================================

In perturbative quantum field theories a vacuum is defined by using an annihilation operator $\documentclass[12pt]{minimal}
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We give the following definition of a nonperturbative vacuum for gravity (here we work with tetrads):The expectation value of tetrad operators $\documentclass[12pt]{minimal}
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In order to obtain the set of equations for all Green's functions, we use the operator Einstein equations$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hat{R}_{\mu \nu } - \frac{1}{2} \hat{g}_{\mu \nu } \hat{R} = \varkappa \hat{T}_{\mu \nu } . \end{aligned}$$\end{document}$$The equations for all Green's functions, which follow from the operator equation, are$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\left\langle 0 \left| \left[ \hat{R}_{\mu \nu } - \frac{1}{2} \hat{g}_{\mu \nu } \hat{R} \right] _{x=x^\nu } \right| 0 \right\rangle \nonumber \\&\quad = \varkappa \left\langle 0 \left| \hat{T}_{\mu \nu } \right| 0 \right\rangle , \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\left\langle 0 \left| \hat{e}^{a_1}_{ \alpha _1} \left( x_1^\mu \right) \cdot \left[ \hat{R}_{\mu \nu } - \frac{1}{2} \hat{g}_{\mu \nu } \hat{R} \right] _{x=x^\nu } \right| 0 \right\rangle \nonumber \\&\quad = \varkappa \left\langle 0 \left| \hat{e}^{a_1}_{ \alpha _1} \left( x_1^\mu \right) \cdot \hat{T}_{\mu \nu } \right| 0 \right\rangle , \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\left\langle 0 \left| \hat{e}^{a_1}_{ \alpha _1} \left( x_1^\mu \right) \cdot \hat{e}^{a_2}_{ \alpha _2} \left( x_2^\mu \right) \cdot \left[ \hat{R}_{\mu \nu } - \frac{1}{2} \hat{g}_{\mu \nu } \hat{R} \right] _{x=x^\nu } \right| 0 \right\rangle \nonumber \\&\quad = \varkappa \left\langle 0 \left| \hat{e}^{a_1}_{ \alpha _1} \left( x_1^\mu \right) \cdot \hat{e}^{a_2}_{ \alpha _2} \left( x_2^\mu \right) \cdot \hat{T}_{\mu \nu } \right| 0 \right\rangle , \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\cdots = \cdots , \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\left\langle 0 \left| \hat{e}^{a_1}_{ \alpha _1} \left( x_1^\mu \right) \ldots \hat{e}^{a_n}_{ \alpha _n} \left( x_n^\mu \right) \cdot \left[ \hat{R}_{\mu \nu } - \frac{1}{2} \hat{g}_{\mu \nu } \hat{R} \right] _{x=x^\nu } \right| 0 \right\rangle \nonumber \\&\quad = \varkappa \left\langle 0 \left| \hat{e}^{a_1}_{ \alpha _1} \left( x_1^\mu \right) \ldots \hat{e}^{a_n}_{ \alpha _n} \left( x_n^\mu \right) \cdot \hat{T}_{\mu \nu } \right| 0 \right\rangle , \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\cdots = \cdots , \end{aligned}$$\end{document}$$with the constraints ([B2](#Equ46){ref-type=""})--([B4](#Equ48){ref-type=""}).

Equations ([B6](#Equ50){ref-type=""})--([B11](#Equ55){ref-type=""}) are partial differential equations for all Green's functions. The solution of this set of equations with the constraints ([B2](#Equ46){ref-type=""})--([B4](#Equ48){ref-type=""}) gives us all Green's functions describing a vacuum state in quantum gravity. The knowledge of all Green's functions is identical to knowing the properties of the operators $\documentclass[12pt]{minimal}
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In the same way, we can define the quantum state $\documentclass[12pt]{minimal}
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Finally, let us address the procedure of quantum averaging. In quantum mechanics, this procedure is carried out by the integration:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left\langle \hat{L} \right\rangle = \int \psi ^* \hat{L} \psi \mathrm{d}V . \end{aligned}$$\end{document}$$For the nonperturbative quantization, this procedure is not obvious. To define a quantum average for an operator, or some product of operators, we first have to solve the set of Eqs. ([B12](#Equ56){ref-type=""})--([B17](#Equ61){ref-type=""}). Then, among the obtained Green's functions, we find the required quantum average.
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